A LEFSCHETZ HYPERPLANE THEOREM FOR MORI DREAM 

SPACES 



SHIN-YAO JOW 

Abstract. Let A be a smooth Mori dream space of dimension > 4. We show 
that, if X satisfies a suitable GIT condition which we call small unstable locus, 
then every smooth ample divisor y of X is also a Mori dream space. Moreover, 
the restriction map identifies the Neron-Severi spaces of X and Y , and under this 
identification every Mori chamber of F is a union of some Mori chambers of X, and 
the nef cone of Y is the same as the nef cone of X. This Lefschetz-type theorem 
enables one to construct many examples of Mori dream spaces by taking "Mori 
dream hypersurfaces" of an ambient Mori dream space, provided that it satisfies 
the GIT condition. To facilitate this, we then show that the GIT condition is stable 
under taking products and taking the projective bundle of the direct sum of at least 
three line bundles, and in the case when X is toric, we show that the condition is 
equivalent to the fan of X being 2-neighborly. 



Introduction 

The main purpose of this paper is to prove an analogue of the Lefschetz hyperplane 
theorem for Mori dream spaces. 

Let X be a smooth complex projective variety, and let N^{X) be the group of nu- 
merical equivalence classes of line bundles on X. Recall from |HK00j that X is called 
a Mori dream space if Pic(X)Q = N^{X)q (equivalently H^{X,Ox) = 0), and X 
has a finitely generated Cox ring (Definition II. 2p . As the name might suggest, Mori 
dream spaces are very special varieties on which Mori theory works extremely well 
(see the nice survey article of Hu |Hu05] ) . On the other hand, not many classes of 
examples of them are known. It has been understood for a while that toric varieties 
are Mori dream spaces; indeed their Cox rings are polynomial rings. Cox's homoge- 
neous coordinate rings [Cox95j . Besides that, it was only proved very recently, in the 
spectacular paper of |BCHMj . that (log) Fano varieties are also Mori dream spaces. 
The Cox rings of certain Mori dream spaces have been the focus of much study: see, 
for example, jBPOi] . |STV07j . jSSOT] . jCTOG] . |Cas07j . 

The most prominent feature of a Mori dream space discovered in [HKOOj is the 
existence of a polyhedral chamber decomposition of its pseudo-effective cone; these 
chambers are known as the Mori chambers. Specifically if L is a line bundle on a 
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Mori dream space X, then its section ring 

R{X,L) := 0/7°(X,L®") 

ngN 

is finitely generated. Thus the rational map defined by the linear series \L^^\ 

X -^Pi7°(X,L®") 

stabilizes to some rational map 

(Pl-.X-^ Fioi R{X,L) 

for all large and sufficiently divisible n. Two line bundles Li and L2 are said to be 
Mori equivalent if = (p^^- This equivalence relation naturally extends to Pic(X)Q, 
and a Mori chamber is just the closure of an equivalence class in N'^{X)^ which has a 
nonempty interior. It was shown in |HKOO] that these Mori chambers are polyhedral 
and in one-to-one correspondence with birational contractions of X having Q-factorial 
image. 

In this paper, we first define the notion of a Mori dream hypersurface of a Mori 
dream space. Since the chamber structure plays such a key role in the geometry 
of a Mori dream space, we propose that what deserved to be called a Mori dream 
hypersurface should not only be a Mori dream space itself, but should also respect 
the chamber structure in the following sense: 

Definition 1. Let X be a Mori dream space. A hypersurface Y G X is called a Mori 
dream hypersurface if it satisfies the following three requirements: 

(i) y is a Mori dream space; 

(ii) The restriction map determines an isomorphism between N^{X)k and A^^(y)R; 

(iii) After identifying A^^(X)r and A^^(y)R via the restriction map, each Mori cham- 
ber of y is a union of some Mori chambers of X. 

Note that the second requirement in the above definition is satisfied for any smooth 
projective variety X of dimension > 4 and Y <Z X a smooth ample divisor, thanks 
to the Lefschetz hyperplane theorem. On the other hand, if X = x P"~^, then 
ample divisors Y G X are generally not Mori dream hypersurfaces. This leads to 
the question of finding suitable conditions under which a "Lefschetz-type" theorem 
would hold in the category of Mori dream spaces. We will give one such condition in 
this paper. Before stating our condition, we give some corollaries: 

Corollary 2. Let X be a smooth projective variety of dimension > 4. Suppose X is 
a product of some Mori dream spaces, each having dimension > 2 and Picard number 
one. Then X is a Mori dream space, and every smooth ample divisor Y G X is a 
Mori dream hypersurface; moreover, the restriction map identifies Nef(X), the nef 
cone of X , with Nef(y), the nef cone of Y . 
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Corollary 3. Let X be a smooth projective toric variety of dimension > 4 associated 
to a fan A. Suppose that for any two rays in A, the two-dimensional convex cone 
they span is also in A. Then X is a Mori dream space in which every smooth ample 
divisor Y is a Mori dream hypersurface, and the restriction map identifies Nef(X) 
with Nef(r). 

In fact more examples satisfying the conclusion of the above two corollaries can be 
obtained by a suitable projective bundle construction: see Proposition |H1 

Example 4. The simplest example of a space X as in Corollary [2] is a product of 
general complete intersections in projective spaces. The simplest example of a space 
X in Corollary [3] other than P" is the blowup of P" along a linear subspace P*" for 
< m < — 2. 

Remark 5. In Corollary [21 the part of the result about the preservation of nef cones 
has previously been obtained by Hassett-Lin-Wang |HLW02[ Theorem 4.1], which 
they called "the weak Lefschetz principle for ample cones". See also the results of 
KoUar |Bor9H Appendix] and Wisniewski |Wis91[ Theorem 2.1]. In the category 
of Mori dream spaces, however, our result applies to more spaces, such as those in 
Corollary |3l which are not covered by the results in |HLW02] . 

To explain the condition lying behind the above corollaries which allows a Mori 
dream space to enjoy this Lefschetz-type property for its nef cone and ample divisors, 
we need to recall the GIT construction of a Mori dream space |HKOO[ Proposition 2.9], 
which says roughly that every Mori dream space X is naturally a GIT quotient of an 
affine variety under an algebraic torus action. More specifically, let V = Spec R where 
i? is a Cox ring of X. Since R is graded by a lattice N in the Neron-Severi space of X, 
the algebraic torus T = Hom(iV, C*) naturally acts on the affine variety V. Let x ^ ^ 
be a character of T which corresponds to an ample class in the Neron-Severi space 
of X. Then Hu and Keel showed that X = V //^T ^ the GIT quotient constructed 
with respect to the trivial line bundle on V endowed with a T-linearization by x- 
Moreover, this GIT quotient is a good geometric quotient, and the unstable locus 
V"^° always has codimension > 2 in V^. These considerations suggest the following 
theorem, which we will prove in Section [2) 

Theorem 6. Let X he a smooth Mori dream space of dimension > 4, and let V , T , 
and X be as above. Assume further that the following condition (jlj) is satisfied: 

{*) The unstable locus V^'^ has codimension > 3 in V . 

Then every smooth ample divisor Y G X is a Mori dream hypersurface, and the 
restriction map identifies Nef(X) with Nef(y). 

Definition 7. We will say that a Mori dream space X has small unstable locus if the 
condition Q above is satisfied. 
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From this theorem, Corollary |2] and |3] follow immediately once the following Propo- 
sition [S] and [TU] are established in Section 121 

Proposition 8. Let X , Xi and X2 be Mori dream spaces. 

(a) // X has dimension at least two and Picard number equal to one, then X has 
small unstable locus. 

(b) // Xi and X2 both have small unstable locus, then Xi x X2 is a Mori dream space 
which has small unstable locus. 

(c) Suppose that X has small unstable locus. Let Li, . . . , be line bundles on X, 
k > 3. Then the projective bundle Fl^-^^Lf"^) is a Mori dream space having 
small unstable locus for all sufficiently divisible integers m. 

Definition 9. A fan A is called m-neighborly if for any m rays in A, the convex cone 
they span is also in A. 

Proposition 10. Let X be a simplicial projective toric variety associated to a fan A. 
Then X has small unstable locus if and only if A is 2-neighborly. 

Remark 11. Fans which are m-neighborly and give rise to complete smooth toric 
varieties have been the subject of interest in a couple of papers by Kleinschmidt, 
Sturmfels and others ( |GKS90j . |KSS91] ). Our proof of Proposition [TO] indeed shows 
that the fan A is m-neighborly if and only if in Cox's GIT description of the corre- 
sponding toric variety X [Cox95] . the unstable locus has codimension at least m + 1. 
This reveals that the neighborliness property of the fan, which is of a combinatorial 
nature, has a nice GIT interpretation on the corresponding variety side. 

Remark 12. We point out that using Proposition [8] (c), one can construct Mori 
dream spaces which have small unstable locus and also possess a nontrivial small Q- 
factorial modification |HKOO| Definition 1.8]. For example let Z be the blowup of P'^ 
along a line, let Li be the line bundle on Z corresponding to the exceptional divisor, 
and let L2 and L3 both be the pullback of Opi{l) to Z. Then Proposition [S] (c) says 
that X = P(®^=i Lf is a Mori dream space which has small unstable locus if m is 
sufficiently divisible. To see that X has a nontrivial small Q-factorial modification, 
note that the stable base locus of has no divisorial component (in fact is has 

codimension 3). So the moving cone of X is strictly larger than Nef(X), hence X 
must have a small Q-factorial modification other than itself |HKOO| Proposition 1.11]. 

Finally, we remark that it would be interesting to clarify the relation between 
Wisniewski's |Wis9H Theorem 2.1] and our Theorem |6l 
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1. Mori dream space as a GIT quotient 

In this section we collect some results and set some notations which will be used 
later, centering around the idea of representing a Mori dream space as a GIT quotient. 
We also show in Proposition II. 121 that every Mori dream space has a normal Cox ring 
(cf. |EKW04| Corollary 1.2]). We point out that the important Theorem 11.81 and 
Theorem 11.91 are taken from |HK00j . 

Notation 1.1. For an r-tuple of line bundles L = (Li, . . . , L^) on a projective variety 
X and an r-tuple of integers m = (mi, . . . , m^), we let 



r 



Also we let A^^(X, L) C N^{X) be the subgroup generated by [L™], the numerical 
class of L"", for all m G Z^', and we define Tl to be the algebraic torus whose character 
group x(Tl) is N\X,L): 

:= Hom(Ar^(X,L),C*). 

Definition 1.2. Let X be a projective variety such that Pic(X)Q = A^^(X)q. By a 
Cox ring for X we mean the ring 

Cox(X,L) := if°(X,L'") 

where L = (Li, . . . , Lr) are line bundles which form a basis of Pic(X)Q. Note that the 
natural N^{X, L)-grading on Cox(X, L) corresponds to a TL-action on Spec Cox(X, L). 

Remark 1.3. Although the definition of Cox(X, L) depends on a choice of basis 
L, whether or not it is finitely generated is independent of this choice, due to the 
following well-known fact: 

Lemma 1.4. Let R he a 7/ -graded commutative ring with identity. For any m G Z*", 
we denote the subset of R consisting of all degree-m homogeneous elements and as 
Rm, and we define 

D(m) ._ rr\ r> 

If R is an integral domain, and the subring Rq := R{o,...,o) is Noetherian, then the 
following are equivalent: 

(a) R is a finitely generated R^-algebra; 

(b) There exists an m E Z!^q such that R^^^ is a finitely generated Ro-algebra; 

(c) For any m G Z>0' R^"^^ ^-5 o finitely generated R^-algebra. 

Moreover, when this is the case, then R is a finitely generated R^™^ -module for any 
m G Z!^Q. 
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Proof, (b)^(a): As an i?'^"^)-module, R is the direct sum of all modules of the form 
^(m)+b ^j^g^g b e Z'' and < 6 j < rrii for all i. Hence it suffices to show that each of 
these is a finitely generated -module. If R^"^^~^^ = then this is trivial. Otherwise 
pick a nonzero homogeneous element x G R^"^^^^. Since i? is a domain, is 
isomorphic to a;'»i-'»'-ii?{'")+b as i?('")-module, and since x"'^-"'^-^R^"'^+^ C R^^'l 
it is finitely generated because R^"^^ is a Noetherian ring by Hilbert basis theorem. 

(a)=^(c): Assuming (a), we will show that there exists £ e such that for 
all m e Z!^Q, 7^("T.i^iv,mr^r) jg a finitely generated i?o-algebra. Then together with 
(b)^(a) we already proved, this implies (c). Suppose R = Ro[xi, . . . ,Xk], where Xi 
is homogeneous of degree {dn, . . . , dir) G Z*". We will choose the £ e Z!^q whose jth 
entry is given by 

ij = the positive least common multiple of the nonzero numbers in {dij, . . . , d^j}, 
or 1 if dij = d2j = ■ ■ ■ = dkj = 0. 

To see that this choice works, we define, for each « G {1, . . . , k}, the following positive 
integer hi: 

Then 

Ro[x1\. . . C c Rolxi, ...,Xk]=R. 

Since Ro[xi^, . . . is a Noetherian ring and Ro[xi, . . . ,Xk] is obviously a finitely 
generated module over it, the submodule /^('"i^ivvm-r^r) jg ^^^g finitely generated as 
well. □ 

Definition 1.5. We will call X a Mori dream space if X is a normal Q-factorial 
projective variety with Pic(X)Q = N^{X)q and a finitely generated Cox ring. 

Remark 1.6. (a) The condition Pic(X)Q = N'^{X)q in the above definition is equiv- 
alent to H^{X,Ox) = 0. Indeed, taking the cohomology of the exponential se- 
quence — )• Z — )■ Ox — Ox — ^ 0, one obtains the following exact sequence 

> Pic°(X) > Pic(X) > NS(X) > 

II in 

{X, Ox)/H^ {X, Z) if 2 Z) 

where NS(X) is the group of algebraic equivalence classes of line bundles on X. 
By [Laz04l Remark 1.1.20], a class in NS(X) is numerically trivial if and only if 
it is torsion, in other words N^{X) = NS(X)t.f. := NS(X)/ (torsion). Thus if we 
tensor the above sequence with Q, we get 

^ Pic°(X)Q ^ Pic(X)Q ^ N\X)q ^ 0, 

which shows that Pic(X)Q = N\X)q if and only if H\X, Ox) = 0. 
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(b) Using the same observations in (a), one also sees that suitable conditions can 
imply the even stronger equality Pic(X) = N^{X). For example: 

• If Pic(X) is a free abelian group of finite rank (e.g. X is a toric variety 
[Ful93l §3.4, first proposition]), then Pic(X) = N\ X). 

• If X is smooth and Hi{X, Z) = (e.g. Fano variety [DebOll Corollary 4.29]), 
then Pic(X) = N\X). This is because Hi{X,Z) = implies H\X,Ox) = 
by Hodge theory, and also implies that if^(X, Z) is torsion- free by the 
universal coefficient theorem |Mun84t Corollary 56.4]. 

Notation 1.7. For an affine variety V on which an algebraic torus T acts and a 
character T — C*, we will use V //^T to denote the GIT quotient constructed 
from the T-linearized line bundle 

Oy := the trivial line bundle on V, T-linearized by x- 

We will also write V^*, V^^, and V^^ to mean the stable, semi-stable, and unstable 
locus of this GIT quotient respectively. 

The next two theorems are among the central results in |HK00j . The wording and 
notations we use are not exactly the same as the original. 

Theorem 1.8. Let X be a Mori dream space. Let R = Cox(X, L) and let V be the 

affine variety Spec R, with the natural action by the torus T := Tl as in Definition M.B. 
Let X £ x{T) = L) be a character of T which corresponds to an ample class in 

N^{X). Then does not depend on the choice of Xj'^ llx^ = ^"^'^ the following 
three properties hold: 

(i) V^'^ has codimension at least 2 in V ; 
(iii) Both of the maps 

x(T)q ^ Pic^iV^% ^ Pic(X)Q 

are isomorphisms, where the left map sends a character v G x(T) to Oyss, and 
the right map is the pullback under the quotient map tt: V^^ — X. 

Moreover, one can choose the basis L so that the action of T on V^^ is free. We will 
call such basis a preferred basis. 

Proof. See the proof of |HK00l Proposition 2.9]. □ 

Theorem 1.9. Let T be a torus acting on an affine variety V, and let x a character 
of T. If X := V //^T is projective and Q-factorial, and the conditions (i)-(iii) of 
Theorem \1.8\ hold, then X is a Mori dream space. 



Proof. See the proof of |HK00l Theorem 2.3]. 



□ 
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Lemma 1.10. Under the same setting as in Theorem \1.8\, ifh is a preferred basis, 
then for any line bundle L of the form L = L'", we have 

n*L = O^yl 

as T -linearized line bundles on , where [L] G N^{X, L) is the numerical equivalence 
class of L. 

Proof. Since T acts freely on V^^ any T-linearized line bundle on V^^ descends to a 
(unique) line bundle on X; in particular Oyjs descends to a line bundle M on X. To 

identify which line bundle M is, we look at the space of T-invariant sections of OjSs : 

on the one hand, via vr* we see that it is equal to H^{X, M); on the other hand, we 
claim that it is also equal to R[l], the space of degree- [L] homogeneous elements in 
R. Since R[l] = H^{X, L) by the definition of R, we have M = L. 
It remains to prove the claim that 

{T-invariant sections of Cysl} = R[l]- 

Let {ttj G H^{X,'L"^')Yi^^ be a set of regular functions on V whose common zero 
locus is V^". A T-invariant section s of O^Is is nothing but a degree- [Tl homogeneous 
regular function on V^, so we can represent s as a compatible collection {fej/afj^^^ 
where 6, G (X, L ® L^™' ) , and of course the compatibility means 

bia'^j = bja^i, V i, j G {1, . . . , £}. 

As divisors on X, we can write div(6j) and div(af) as 

div(6i) = A + Bi, 
div(af) = Di + Ai, 

where Di, Bi and Ai are Weil divisors on X such that Bi and Ai have no common 
component. Then the compatibility condition translates to the following equality of 
divisors on X: 

Bi + Aj=Bj + Ai, V J G {!,...,£}. 

Since Bi and Ai have no common component, we must have Aj > Ai, and by sym- 
metry Ai > Aj, thus all the Aj's are the same divisor A. But then we must have 
A = 0, for otherwise if we take a sufficiently large integer q such that qA is Cartier 
and Ox{qA) is of the form L™, then we see that the common zero locus of {a^'^jf^j^ 
has codimension one in V, contradicting the property (i) of Theorem 11.81 Therefore 
af divides bi in R for all i, hence the section s represented by {bi/a^Y-^^ is in R^^-]. □ 

Lemma 1.11. Let X be a Mori dream space, and let L be a basis o/Pic(X)Q. Sup- 
pose that the torus T := Tl acts on some normal affine variety V, such that for some 
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character x ^ ^^{X-,'^) '"^e have V //^T = X and the conditions (i)-(iii) of Theo- 
rem I j . gl hold. Moreover, suppose that tt*L = OlSs for any line bundle L of the form 
L = h^, where vr: V^^ X is the quotient map. Then x corresponds to an ample 
class in N^{X), and the coordinate ring R of V is equal to Cox(X, L). 

Proof. By |Dol03l Theorem 8.1], there exists an ample hne bundle on X whose pull- 
back under the quotient map vr : V^^ — )■ X equals some tensor power of the T-linearized 
line bundle which was used to construct the GIT quotient. It follows from this and 
the condition (iii) of Theorem 11.81 that x corresponds to an ample class. 

Let L be a line bundle on X of the form L"". Since 7t*L = Ol^js by assumption, vr* 

^x 

induces a natural isomorphism 

{T- invariant sections of Oyll} = i/°(X, L). 
On the other hand, since V is normal and V^^ C V has codimension > 2, we have 

{T-invariant sections of Cysl} = {Degree-[L] homogeneous regular functions on V^^} 

= {Degree- [L] homogeneous regular functions on V} 

= R[L]- 

Hence Rm = H^{X,L), and thus 

i?= H\X,L) = Cox{X,L). 

□ 

Proposition 1.12. With the same setting as in Theorem \1.8\f if we choose h to be a 
preferred basis, then V = Spec Cox(X, L) is normal. 

Proof. Let ip: V ^ V he the T-equivariant normalization of V. Since X is normal, 
it follows that V^^ is also normal (cf. the second paragraph of the proof of |BH03i 
Proposition 6.3]), so (p is an isomorphism over V^*^. 

We want to show that V'^ = ip~^(y^^). The inclusion V'"^ C ip^^{V^^) is obvious. 
For the reverse inclusion, we need to show that if / is a homogeneous regular function 
on V whose degree is a multiple of x^ then / must vanish on (f'^CV^""-). By the 
definition of normalization, / satisfies an integral equation 

r + a„_ir-i + --- + ai/ + ao = 0, 

where the a^'s are homogeneous elements in R whose degrees are multiples of x- So 
if we plug in a point p G f'^iV^'^) into the above equation, we get /(p)" = since 
(J-o{p) = ■ ■ ■ = a„_i(p) = 0, so / vanishes at p as desired. 

Since ip is an isomorphism over V"^*^ and V'^^ = 'P~^(V^^), we thus have V"'^ = V^^, 

X. A X. X X 

so V = X and this GIT quotient satisfies the properties (i)-(iii) of Theorem II. 8 [ 
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Moreover, since L is a preferred basis, by Lemma 11.101 7t*L = 0\^}bb for any line 
bundle L of the form L™. Hence by Lemma fl.lll the coordinate ring of V is equal 
to Cox(X, L), namely V = V. □ 

2. Proof of Theorem E] 

Proof of Theorem We need to verify that Y G X satisfies the three requirements in 
Definition [U First, by the Lefschetz hyperplane theorem |Laz04t Example 3.1.24 and 
Example 3.1.25], the restriction map determines canonical isomorphisms N^{X) = 
N^{Y) and Pic(X) = Pic(y). In particular, the second requirement in Definition [1] 
is satisfied, and Pic(F)Q = N'^(Y)q since Pic(X)Q = N'^{X)q. 

We pick the basis L to contain the line bundle Ox{Y). Let R = Cox(X, L), and 
let s G -R be the unique (up to constant multiples) section of Ox{Y) whose zero 
locus is Y. Since Y is irreducible, the ideal sR C -R is a prime ideal, so it defines an 
irreducible subvariety W <ZV . By Theorem 11.81 V^^ does not depend on the choice 
of ample x ^ ^^{^i L), and since Y is ample, we have V^^ C W . Therefore 

A A A 



has codimension > 2 in IV due to the condition ([*]). Also by Theorem II. 8 [ = V^* 
and V II^T = /T = X is a good geometric quotient, so it follows that = 
and W //^T = /T = F is a good geometric quotient. Thus we see that the GIT 
quotient W //y^T = Y satisfies the conditions (i) and (ii) of Theorem II. 8[ and we 
claim that it satisfies the condition (iii) as well: the map Pic"^(iy^^)Q ^ Pic(y)Q 
is an isomorphism by Kempf's descent lemma |DN89t Theoreme 2.3], and thus the 
map x{T)q — Pic"^(VF^^)Q is also an isomorphism since x{T)q = Pic(^)Q = Pic(F)Q. 
Therefore F is a Mori dream space by Theorem II. 9 [ which verifies the first requirement 
in Definition [U 

To verify that Y respects the chamber structure, we will use the fact that the 
Mori chambers coincide with the GIT chambers |HK00t Theorem 2.3]. Suppose xii 
X2 £ N^iX) are in the interior of the same Mori chamber of X. Then V"""^ = V™, so 

Al A2 

w^'' = v^"" nw = 1/7 nw = w^^. 

Al Al /C2 X,2, 

Hence xi ^i^nd X2 are also in the same Mori chamber of Y . 

To show that Nef(X) = Nef(y), suppose on the contrary that Nef(y) ^ Nef(X). 
Then there exists v G A^^(X) which is ample on Y and lies in the interior of some Mori 
chamber of X not equal to Nef (X). Since v and x are both ample on Y , W^^ = VF^". 
Recalling that W^^ = V^^^, we thus have 

A A 

r;^^ nw = 1^7 = 1^7 = i/^°, 

so V^"" D 1/"^. Since V^"" // T = X is a good geometric quotient, if V^"" ^ V^"" then 
V^^ II T would be an open subset of X and hence not projective, a contradiction. So 
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V^'^ = V"^", and hence VJ*^ / T = V^^*^ // T = X, which means u and x ^^re both in 
Nef(X). □ 

3. Proof of Proposition [8] and [10] 

Proof of Proposition O (a) If the Picard number of X is one, then we can pick a 
very ample line bundle L on X as a basis of Pic(X)Q so that R := Cox(X, L) is 
precisely the homogeneous coordinate ring of X embedded into some projective space 
by the linear series \L\. Hence V := Speci? is the corresponding affine cone over 
X, V[™ is the origin, and T = C*. The codimension of in V is thus equal to 
dimV" = dimX + 1 > 3. 

(b) By Remark TTEl (a) we have H^{Xi,Oxi) = 0, which implies Pic(Xi x X2) = 
Pic(Xi) X Pic(X2) |Har77[ Chapter III Exercise 12.6], and hence also X^(Xi x X2) = 
N\Xi) X N\X2). Let be a basis of Pic(Xi)Q, Ri = Cox(Xi,Li), Vi = SpecRi, 
Ti = IIom(X^(Xj, Lj), C*), and : Xi x X2 — )■ Xj be the projection map for i = 1,2. 
Let L be the basis of Pic(Xi x X2)q which consists of j9*Li and P2^'2- Then by the 
Kiinneth formula we have 

R := Cox(Xi X X2, L) = i?i O R2. 

Thus V := Spec/? = Vi x V2 and T := Rom{N^{Xi x X2, L), C*) = Ti x T2. Further- 
more, since X = PiXi + P2 X2 is ample if and only if Xi ^ N^i^i) sue both ample for 
i = 1,2, we thus have 

- Pi ^1X1 ^ ^2 >^2x2' 

hence the result follows. 

(c) We will in fact show that if the line bundles Lj's are all of the form L""* where 
L is a preferred basis, then X := P(®^=i Li) is a Mori dream space which has small 
unstable locus. Let R = Cox(X,L), V = SpecR, T = Hom(Xi(X, L), C*), and let 
X G X^ (X, L) be a character of T which corresponds to a sufficiently ample class, to 
the extent that 

k 

x+j2dim 

i=l 

is ample for all di > and Yli=i ~ ^- Let L be the basis of Pic(X)((j consisting of 
p*L and Oj^{l), where p : X — )■ X is the projection map. Then 

f := Hom(Xi(X, L), C*) = T x Ti, 

where Ti = C* is the one-dimensional torus for which [(9jj(l)] generates the group of 
characters. 

By Lemma [l.lOl we have n*Li = Oys}, i = 1, . . . ,k. Thus we consider the normal 
affine variety 

k copies 

V :=¥ X 'CxCx-- - xC 
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(the normality of V follows from Proposition I1.12p with the following T-action: given 
any {v, Oi, . . . , a^) G V and (t, c) G T x C* = T, define 

(t,c) ■ (f,ai, . . . ,ak) = (t ■ V, {[Li],t)~^aic, ([L^], t)~^afcc), 

where ([Lj],t) denotes the natural pairing. Let x be the character (x, of T. 

We claim that 

^r = pr'^x"" up2'H(o,...,o)}, 

A; copies 

where pi: V ^ V and p2 : ^ -> C x ■ ■ ■ x C are the projection maps. To see this, 

k copies 

let xi, . . . ,Xk be the coordinate functions of C x ■ ■ ■ x C, and let / G i?;^ be a ho- 
mogeneous degree-!/ regular function on V for some u G N^{X, L). If di, . . . ,dk are 
nonnegative integers which sum up to d, then fxf^ ■ ■ ■ x^* is a regular function on V 
which is homogeneous of degree 

k 

{u-j2dim,d[Oj^{i)]), 

i=l 

hence is the common zero locus of all such functions fxf^ ■ ■ ■ xf!' for which 

k 

= dx + ^di[Li\. 

1=1 

Note that such u corresponds to an ample class thanks to our choice of x the 
beginning, and from this it follows easily that 

v^r = prV-up2'{(o,...,o)}. 

Hence has codimension > 3 in V^, and V jj^T = P(®j=i i^j), so in particular this 
GIT quotient satisfies the property (i) in Theorem II. 8[ The action of T on V^'^ is free 

since L is a preferred basis, hence the action of T on is also free, so in particular 

A. 

the GIT quotient V //^T satisfies the property (ii) in Theorem 11.81 and the right map 
in the property (iii) is an isomorphism even before tensoring with Q; to show the left 

map is also an isomorphism, we will show that C^-ll = ti*L, where tt : V^-*^ — )■ X is the 

quotient map, and L is any line bundle on X of the form L™. Since we already know 
that the puUback map Pic^(V|^) Pic(X) is an isomorphism, the line bundle 0~i 

X 

descends to some line bundle M on X in any case, so we just need to identify which 
line bundle M is. To do this we look at the space of T-invariant sections of O^-]^ : on 

X 

the one hand it is equal to H^{X, M) via tt*; on the other hand, it is equal to the 
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space of homogeneous degree- [L] regular functions on V (since V is normal), and if 
L = p*L (g) Oj^{d), then such regular functions are precisely linear combinations of 
functions of the form fxf^ ■ ■ -x^* where the dj's are nonnegative integers summing up 
to d and / is a homogeneous regular function on V of degree [L] + Yli=i^i[^i\- 
other words, 

{f -invariant sections of cjji } = H^{X,L® if' ® ■ ■ • ® L'^'^" ) . 

di,...,di^>0 
di-\ hdi^=d 

But the right-hand side is exactly H'^{X,L): indeed since L = p*L ® Oji{d), by the 
projection formula 

k 
i=l 

di,...,dfc>0 
a!iH \-dk=d 

Hence the line bundle on X which O^-"^ descends to must be L. 

Now we can use Theorem 11.91 to obtain that X is a Mori dream space, and then 
use Lemma n. Ill to conclude that the affine variety V is indeed Spec Cox(X, L), thus 
completing the proof. □ 

Proof of Proposition [TOl It was shown in |Cox95j that in the toric case, the Cox ring 
R and the unstable locus V^^ have the following explicit description. Let A(l) be 
the set of all one- dimensional cones of A. For each p G A(l), introduce a variable Xp. 
Then R is the polynomial ring 

R = C[xp: peA{l)l 

and the unstable locus is the zero locus of an ideal I G R generated by squarefree 
monomials. To give these generators of /, let us introduce some notations. For a sub- 
set A C A(l), we denote the monomial HpG^-^p write A for the com- 
plement of A in A(l). For a cone cr G A, we let cr(l) = {p G A(l) : p is a face of a}. 
Then 

/ = (x'^) : a G A) C i?. 

A squarefree monomial ideal such as / can be very well understood by associating to 
it a simplicial complex, sometimes called the Stanley-Reisner complex. The Stanley- 
Reisner complex of I is by definition an abstract simplicial complex S on the vertex 
set A(l), whose faces are those subsets A C A(l) such that x-^ ^ /. By |MS05 
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Theorem 1.7], the prime decomposition of / is given by 

f]{xp: peA). 

Hence 

The zero locus of / has codimension > 3 <^==^ |^| > 3 for all ^ G S 
<^ liAc A(l) such that |^| < 2, then x"^ e / 

<^ If ^ C A(l) such that |^| < 2, then e I 

<(=^ If ^ C A(l) and |^| < 2, then A = (7(1) for some a e A. 

□ 
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